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ABSTRACT

In this paper, we analyzed a new generalization of the Fibonacci sequence that leads to
the copper ratio, which we term the copper Fibonacci sequence. Motivated by this definition, we
also formulated the corresponding copper Lucas sequence and established several relationships
between the terms of these sequences. Various properties were investigated, including explicit
Binet-type formulas, special summation identities, and generating functions. Furthermore, we
analyzed the roots of the associated characteristic equations and demonstrated how these roots
are related to the sequence terms. Finally, we derived important identities for these sequences,

including Cassini- and Catalan-type identities.
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INTRODUCTION

Fibonacci numbers [1-3] form one of the most important sequences in mathematics due
to their simple recursive definition and rich theoretical properties.

Metallic ratios [4-6] are encountered across a wide range of scientific disciplines,
particularly in the fields of chemistry and biology. Several notable metallic ratios have been

identified and are presented in Table |
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Number sequences are essential tools for analyzing and understanding the complexity of
problems that exhibit patterned behavior. A classical example is the rabbit population problem
presented by Leonardo Fibonacci in his renowned work Liber Abaci, which led to the
introduction of the Fibonacci sequence and the discovery of the golden ratio as the relationship
between its successive terms. Mathematical literature describes several metallic ratios, including
the golden, silver, and copper ratios. Among these, the copper ratio appears frequently,
particularly in applications related to chemistry and biology, and has therefore gained
considerable interest among researchers. In this work, a new sequence, referred to as the copper
Fibonacci sequence [7,8], is analyzed based on the copper ratio. This ratio is defined as the
quotient of the larger term to the smaller term of two consecutive elements of the sequence.
Furthermore, an important property of this sequence is that, under appropriate transformations,
its terms can be expressed as single-index terms of the classical Fibonacci sequence.

For n € N, the Fibonacci numbers F, and Lucas numbers L, are defined by the
recurrence relations, respectively,

Frniz2 = Fpyp +Fpand Lyyp = Lpyg + Ly
with the initial conditions Fy = 0,F; = 1land Ly = 2,L; = 1.

For F, and L,,, the Binet formulas are given by the following relations, respectively,

_a"-p" — N n
E, = poy; and L, = a™ + ",
5 1-5 . .
where a = %— and f = T\/— are the roots of the characteristic equation t> —t — 1 = 0. Here,

the number « is known as golden ratio.
For n € N, the bronze Fibonacci numbers BE,, bronze Lucas numbers BL,, third-order
bronze Fibonacci numbers Bf,,, third-order bronze Lucas numbers Bl,,, and modified third-order

bronze Fibonacci numbers M Bf,, are defined by the recurrence relations, respectively,
BFn+2 = 3BFn+1 + BFna BLn+2 = 33Ln+1 + BLn;
Bfuys = 3Bfniz + Bfns1 + Bfa, Blyyz = 3Blyyz + Blyy + Bly,

and
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MBfni3 = 3MBfpiz + MBfyy1 + MBfy,

with the initial conditions BF, = 0, BF;, =1, BL, = 2, BL, =3, Bf, =0, Bf; =1, Bf, =3,
Blo = 3, Bll = 3 andBlZ = 11 al’ldMBfO = 1, MBfl = 2, MBfZ = 7.

For BE, and BL,, the Binet formulas are given, respectively, by the following

relationships:
BE, =~ and BL, = A" + ",
where 1 = VI3 andy = 3V13 are the roots of the characteristic equation 72 — 3r — 1 = 0.

2 2
Here, the A number is the known bronze ratio.

Quaternions were first described by Hamilton in 1843. In addition, quaternions are used to
control rotational movements, especially in kinematics, 3D games, mechanics, Eulerian angles,
and chemistry. Horadam defined complex Fibonacci and Fibonacci quaternions, and various
features were found.

The algebra of hyperbolic quaternions is an algebra that is not related to the elements of the
form over the real numbers,

q = Xiq +Yiy, + ziz + tig, x,y,z,t €R.

TABLE I: Metallic ratios

Ratio Value OEIS
Plastic 1.324 717 957 244 17... A182097
Gold 1.618033988749 895... A001622
Silver 2.414213562373 095... A014176
Bronze 3.302775637731 995... IA098316
Copper 4.236067 977 499 79... IA098317
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Nickel 5.192582403567 252... IA098318
Aluminum 6.162277 660 168 38... A176398
[ron 7.140054944640 259... A176439
Tin 8.123105625617 661... A176458
Lead 9.109772228646 444... A176522

In this paper, we define the copper Fibonacci sequences CF,,, and the copper Lucas sequence
CL,. We give the generating functions, summation formulas, the Binet formulas, and some

properties for these sequences.

II Copper Fibonacci and Copper Lucas sequences
If one removes four largest possible squares from a rectangle with the ratio length/width

equal to 2 + /5, one gets a rectangle with the same ratio length/width. Now let us examine
following Figure 1.1.

X X X X X Yy

Figure 1.1 Copper rectangle

According to the rectangle, we obtain

4x+ x X
Y= Zora+2=1
y X y

X

Thus, we find

Z=2++5.
y

At the same time, when we remove these squares from Figure 1.1 and continue the process
indefinitely, we find the same ratio, that is, the copper ratio. We can say that the series we define
shortly will be used in many areas of mathematics. Applications in groups, coding theory, and

applications in quaternions can be given as examples.

Definition 1.1
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For n € N, the copper Fibonacci sequence CF, and copper Lucas sequence CL, are

defined, respectively, as
CF,4, = 4CF, 1 + CE,, (1.1)

with CFy =0 and CF; = 1, and
CLyyp =4CLyyq + CLy, (1.2)
with CLy =2 and CL; = 4.
Then let us give some information about the equations of these sequence is
r2—4r—1=0. (1.3)
The roots of the characteristic equation are as follows:
Kk =2+5 = 4.23606797749979 ..., and = 2 — /5.
Here, the k number is the known copper ratio.
Next, we give the relationships between these roots below:
K+60=4Kk—0=2J5k?+0%=18,and k0 = —1.
The first few values of copper Fibonacci and copper Lucas sequence are
0,1,4,17,72,305,1292,5473,23184, 98209, ....
and
2,4,18,76,322,1364,5778,24476,103682, ....,
respectively.
In addition, the terms of the copper Fibonacci and copper Lucas sequence can be found

with the help of the following relations. Letn € N*¥,

n—1 n
n-1 -1 - n -1
Ck, = z:qz=0 (n q q) 4777 and CLy = 121=0 niq (n q q) 4,

In the following theorem, we express the Binet formulas of the copper Fibonacci sequence CF,

and copper Lucas sequence CL,,.

Theorem 1.1

Let n € N. We obtain

Kkt-om

n
K_ead

(@) CF, =
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(i1) CL, = k™ —0™
Proof
(1) The Binet form of a sequence is as follows:
CF, = Sk +To".
The scalars S and T can be obtained by substituting the initial conditions and solving the given
system of equations.

Forn=0,CF,=0,and forn =1, CF;, = 1.

1 -1
Hence, S = — and T = —

Thus, we obtain

KTl _ 071
K—0

(1)  The Binet form of a sequence is as follows:

CL, = Sk™+ TO™.

CE, =

The scalars S and T can be obtained by substituting the initial conditions and solving the given
system of equations.
Forn=0,CLy,=2,and forn =1, CL; = 4.
Hence,S = 1land T = 1.
Thus, we obtain
CL, =k™—0"
Theorem 1.2
The ratio of the larger to the smaller of two consecutive terms of the copper Fibonacci and

copper Lucas sequence converges to the copper ratio. We obtain

()  lim <2 = xcand
n—oo n
(i)  lim &2t = g
n-ooo L
Proof
(1) If the Binet formula is used, we have
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Kn+1 _ 6n+1

 CFhn - T k=9
s CE,  Kk'—0"
K—0

n+1
= lim i 1_(%) )

Thus, we obtain

lim CFns1 _
n-oo CFE,

(i1) If the Binet formula is used, we have

. CLn+1 k1l _ gn+l
lim =

n-w CLy, K" — O"

Thus, we obtain

lim CLnys _
n-co (L,

Theorem 1.3

Let m,n,p,r € N. We obtain

~CFprsn+p+(—1)" CEnyip+CFr_p+CFy

i <r
) Yoo CFrmsp = D=Ly e
m=0~"rm+p —CFnyintp+(—=1)" CFprip+CEp_r+CFy .
,otherwise,
1+(-1)"—CL;
and
—CLypr4nsp+(—1) Clyyip—CLy_p+CLyp ifp<r
(ii) "l _ 1+(-1)"—CL;
m=0 rm+p (_1)TCLnr+p_CLp—r+CLp_CFnr+n+p .
,otherwise.
1+(-1)"—CL,
Proof
6) If the Binet formulas are used, we get

n
KTM+p _ grm+p

n
2, Gl = ), =
m=0

y=0

KP - v -
_ rym __ rym
_K—HZ(K) K—HZ(H)
y=0 y=0
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Kp Knr+1 -1 Qp 9nr+1 -1

k—0 kP-—1 k—0 6P —1
_CFnr+n+p + (_1)TCFnr+p + CFr—p + CF;)

) J < )
3 ey = T+ Iy e
— rmep _CFnr+n+p + (_1)TCFnr+p + CFp—r + CFp ,
m=0 ,o0therwise,
\ 1+ (=1)" -
(i1))  If the Binet formulas are used, we get
n n
Z Cer+p — Z KIm+p _ grm+p
m=0 y=0
Luysn+p T -1’ CLnr+p CLr—p + CLp ifp<r
J 1+ (-0 — PSS T
rm+p ( 1) CLnr+p CLp—r + CLp_CFnr+n+p otherwise

m=0 l
\ 1+ (-1)" —CL

Corollary 1.1
The sum of the consecutive, odd, and even indexed terms of the copper Fibonacci and

copper Lucas sequences are as follows,

_ SCRy+CFy-q1-1

(1) Ym=0CFn : :
(i1) Ym=0CLn w

(i) X" _oCFym = CF2n+2—1(;F2n—CF2,

(V) g Clyy = Sansz=ClanCla2

(V) B CFypyy = 2mts 1C6an+1 2 and

. CL —CL
(Vi) Mhog Clypyyy = S2ei—tlanes

Theorem 1.4

Letr,n,p € Nand p > r; we obtain
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CFp—x(=1)"CFp_y
1-xCLp+(—1)"x2’

(i) Xn=oCFn +px™ =

_ CLp—x(~1)"CLp—r
1-xCLy+(-1)Tx2’

(i) Xp=oCLrn + px™

T s
w CFpn _n _e€r x_gb'x
(111) n=0", X = T' and
. CLyn _ r or
(iv) =0 ~ Xt =e* —e" X
Proof
(1) If the Binet formula is used, we have
0 had KIEp _ grntp
CE., +px™ = Z x"
n=0
[ee]
(™)™ — x)"
n=0
KP 1 or

kK—01—kKk'x k—61—0Tx

zw - CF, — x(—1)"CF,
NICLRS il wo e

(i1))  If the Binet formula is used, we have

oo

[ee]
Z CLrn + pxn — Z Krn+p _ 9rn+p XM
n=0

n=0

Zw CEo + CE, — x(—=1)"CF,
L Il il ey o 1)Tx2

(111)  If the Binet formula is used, we have

o — ™
ZCP}n n_zkr O™ o
n=0

1 i(;c 0" Z(erx)n
K—H Kk—0

n=0
i CE., . e;crx _ eerx
Xt =
n! Kk—0
n=0
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(iv)  If the Binet formula is used, we have

® ® ™m ™m
CL,, = k' + 60 o
n! n!

n=0 | n=0
[o.0] [0/0)
(k" x)" @rx)"
= +
n! n!
n=0 n=0
[0/0)
CLT” X" = e}c’”x _ eerx
n!

Corollary 1.2

The generating functions of copper Fibonacci and copper Lucas sequences are as follows:
D) ) =Zpoo ChRx™ =

() () =Xp=o CLpx™ =

x

1—4x—x2
2—4x

1-4x—x2'

Theorem 1.5 (Cassini identity)
Let n € N. We obtain
Q) CF,41CF,_1 — CEZ = (—1)" and
(i)  CLy41CLy_q — CLA = 20(—1)" 1.
Proof

If the Binet formulas are used, we obtain

kn+1_9n+1 kn—l_gn—l kn_gn kn_gn

(1) CFp41CFoq — CFY =

k-6 k-6 k-0 k-0
_ kzn_kn+19n—1_9n+1kn—1+92n kzn_an9n+92n
B (k—6)2 (k—6)2

kO (kO pke)n
T (k-6)2  (k-0)2  (k-6)2

= (-1"

and
(i)  CLpy1CLy_q — CLA = (K™ + 0™ D) (k™1 + 077 1) — (k™ + 0™) (k™ + 6™)
— k2n + kn+19n—1 + 9n+1kn—1 + Hann—l + 9211 _ k2n _ angn_QZn
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= (kO)"(—2— 2 +2)
=20(-1)""L.
Theorem 1.6 (Catalan identity)
Letn, i € Nand i < n. We obtain
(i)  CFn4iCF,_; — CE,* = (1) *1CF;? and
(i)  CLy4;CLy_; — CL,* = 20(=1)""ICF*
Theorem 1.7 (D’ocagne identity)
Letn, i € Nand i < n. We obtain
(i) CF,41CF; — CE,CF;1, = (=1)"*CF,_; and
(i)  CLy41CL; — CL,CL;yq = 20(—=1)'CF,_;.
Theorem 1.8 (Vajda identity)
Letn, i,j € Nand i,j < n. We obtain
(1) CFnyiCFyyj — CE,CFpyiyj = (—1)"CF;CF; and
(i1) CLpyiClyyj — CLyCLlypyiyj = 20(—1)"+1CFL-CF]-
Theorem 1.9 (Halton identity)
Letn, i,j € Nand i,j < n. We obtain
() CFuiCFroi = CFoyjCFaj = oo [(=1)"/BLy; — (=1)""BLy]

(i) BLp4iBLp_i — BLypyjBLy_j = [(=1)""'BLy; — (=1)""/BLyj]

Theorem 1.10 (Padilla identity)
Let € N . We obtain
() CFuz® + CFuoy® = 3CRCFua CFayz = 35 (CFanve = 3CFsnys + CFanog +
3CF,p43 — 3CFpyy + 3CF,.1)  and
(i)  CLpyy® + CLy_1° —3CLyCLyy1CLpyy = (CLspyg + 3CLpsy + CLay_s + 3CLy_ 4 +
20)(—CF3n43 — 3CFy_1 + 3CFp41 + 3CFop43)
Theorem 1.10 (Melham identity)
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Let € N . We obtain
1

() CFrs1CFrioCFare = CF® = 55 (CFanso = CFan — s CFavy = pyuvs CFs +
ﬁCFn = 1)n+6 ———C(CF,,_3 and
(i) CLns1ClnszClse = Cly® = (CLanto = CLsn — s Clions7 — =pymrz Cliomss +
o7 CLn = e CLn-s
Theorem 2.12 (Gelin-Cesaro identity)
Let n € N. We obtain
(1)  CFny2CFni1CFyCFy_p — CE} = 5 (( 1)n 5CLlonta + —5 a 1)n 3 Clonio + — a 1)2n 5 CLe +
57 Clan-z + CLz + ey Clan-s + s Clan — 90 and
(i)  CLnt2CLyy1Cln1CLly—p — CLy
= ﬁCl‘ZnHL + (_I)%CLZTL+2 t s 1)2n 5CLe + )n+1 v Clon—2 +
+ oy 18 + g Clan- = s Clan-s
CONCLUSION

In this work, we examined a novel extension of the Fibonacci sequence which we refer to
as the copper Fibonacci sequence that results in the copper ratio. Inspired by this description, we
generated the analogous Lucas sequence for copper and determined a number of connections
between these sequences' terms. Special summation identities, generating functions, and explicit
Binet-type formulas were among the properties that were examined. Additionally, we examined
the roots of the corresponding characteristic equations and showed how the sequence terms
connect to these roots. Lastly, we deduced significant identities for these sequences, such as

identities of the Cassini and Catalan types.

REFERENCES

253
@2026 Volume 9 Issue 3 | www.irjiweb.com | March - 2026


https://www.irjweb.com/viewarchives.php?year=2025
http://www.irjweb.com/

"V
LJ
L )\l International Research Journal of Education and Technology

IRJEAT Peer Reviewed Journal, ISSN 2581-7795

Impact Factor 5.007

[1] A Stakhov, B Rozin,, Theory of Binet formulas for Fibonacci and Lucas p-numbers,
Chaos, Solitons & Fractals, Vol. 27(5), Pp 1162-1177, 2006.

[2] B.Singh, P. Bhadouria and O. Sikhwali, Fibonacci-Like Sequence and its Properties, Int. J.
Contemp. Math. Sciences, 5 (2010), 859-868.

[3] D. M. Mahajan, The Binet Forms for the Fibonacci and Lucas Number, International
Journal of Mathematics Trend and Technology , 10 (2014), 14-16.

[4] J. B. Gil and A. Worley, “Generalized metallic means,” arXiv:1901.02619 (2019).

[5] R. Sivaraman, “Exploring metallic ratios,” Math, Stat. 8(4), 388-391 (2020).

[6] R. Sivaraman, “Relation between terms of sequences and integral powers of metallic ratios,”

Turk. J. Physiother. Rehabil. 32(2), 1308-1311 (2021).

[7] S Vajda, Fibonacci and Lucas numbers, and the Golden Section. Theory and applications.
Ellis Horwood limited; 1989.

[8] T. Koshy, Fibonacci and Lucas Number with Applications, Wiley—Interscience, New York,
(2001).

254
@2026 Volume 9 Issue 3 | www.irjiweb.com | March - 2026


https://www.irjweb.com/viewarchives.php?year=2025
http://www.irjweb.com/
https://arxiv.org/abs/1901.02619
https://doi.org/10.13189/ms.2020.080403

